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Abstract
The equation related to the p-Laplacian





, (x, t) ∈  × (0, T ),
is considered, where ρ(x) = dist(x,∂) is the distance function from the boundary. If
α < p – 1, the weak solution belongs to Hγ for some γ > 1, the Dirichlet boundary
condition can be imposed as usual, the stability of the solutions is proved. If α ≥ p – 1,
the weak solution lacks the regularity to deﬁne the trace on the boundary. It is
surprising that we can still prove the stability of the solutions without any boundary
condition. In other words, when α ≥ p – 1, the phenomenon that the solutions of the
equation may be free from any limitations of the boundary condition is revealed.
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1 Introduction and themain results








, (x, t) ∈QT , (.)
with the initial value
u(x, ) = u(x), x ∈ . (.)
Here is a boundeddomain inRN with appropriately smooth boundary, ρ(x) = dist(x, ∂),
p > , α > , QT = × (,T). Can we impose the homogeneous boundary condition
u(x, t) = , (x, t) ∈ ∂ × (,T), (.)
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as usual? Recently, Jir˘í et al. [] studied the equation
ut = div
(|∇u|p–∇u) + q(x)uγ , (x, t) ∈QT , (.)
with  < γ < , and they showed that the uniqueness of the solutions of equation (.) is
not true. The author [] studied the equation
ut = div
(
ρα|∇u|p–∇u) + f (u,x, t) (.)
and showed that the stability of the solutions can be obtained without any boundary value
condition. Comparing (.) with (.), one can see that the degeneracy of the coeﬃcient ρα
can eliminate the eﬀect from the source term f (u,x, t). Thus, it is naturally to ask whether
the coeﬃcient ρα can eliminate the eﬀect from the convection term ∂bi(u)
∂xi in equation (.).




a(x)|∇u|p–∇u) – bi(x)Diu + c(x, t)u = f (x, t), (.)
where Di = ∂∂xi , a ∈ C(), and a(x) >  in . Yin and Wang classiﬁed the boundary
into three parts: the nondegenerate boundary, the weakly degenerate boundary, and the
strongly degenerate boundary, by means of a reasonable integral description. The bound-
ary value condition should be supplemented deﬁnitely on the nondegenerate boundary
and the weakly degenerate boundary although the equation is degenerate on this portion
of the degenerate boundary. On the strongly degenerate boundary, they formulated a new
approach to prescribe the boundary value condition rather than deﬁne the Fichera func-
tion as treating the linear case. Moreover, they formulated the boundary value condition
on this strongly degenerate boundary in a much weaker sense since the regularity of the
solution is much weaker near this boundary. Stated succinctly, instead of the usual bound-
ary value condition (.), only the partial boundary condition
u(x, t) = , (x, t) ∈ p × (,T), (.)
is imposed in [], where p ⊆ ∂.
In our paper, we will study how the degeneracy of ρα aﬀects the well-posedness of the
solutions of equation (.).
Deﬁnition . A function u(x, t) is said to be a weak solution of equation (.) with the
initial value (.), if
u ∈ L∞(QT ), ρα|∇u|p ∈ L(QT ), (.)
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∣∣u(x, t) – u(x)
∣∣dx = . (.)
Deﬁnition . Let p > . The function u(x, t) is said to be the weak solution of equation
(.) with the initial value (.) and the usual boundary condition (.), if u satisﬁes Deﬁ-
nition ., and the usual boundary condition (.) is satisﬁed in the sense of trace.
The existence of the solutions of equation (.) with the initial value (.) can be obtained
similar to [, ]. The main aim of the paper is to study the stability of the solutions.
Theorem . Let p > , α < p – , bi(s) be a Lipschitz function. If u, v are two solutions of
equation (.) with the same homogeneous value condition (.) and with the initial values
u(x), v(x), respectively, then
∫





|u – v|, ∀t ∈ [,T). (.)
Theorem . Let p ≥ , α ≥ p – , bi(s) be bounded when s is bounded. If u, v are two
solutions of equation (.) with the initial values u(x), v(x), respectively, then
∫







Theorem . Let p > , α ≥ p – , bi(s) satisfy
∣∣bi(s) – bi(s)
∣∣ ≤ c|s – s|
α+(p–)
p . (.)
If u, v are two solutions of equation (.) with the initial values u(x), v(x), respectively,
such that
∣∣u(x, t)
∣∣ ≤ cρ(x), ∣∣v(x, t)∣∣ ≤ cρ(x), (.)
then the stability (.) is true.
Theorem . Let p > , α ≥ p – , bi(s) be a C function which satisﬁes
∣∣b′i(s)
∣∣ ≤ c|s|r . (.)
Assume the following:
(i) When  < p < , α ≤  + p(r – ), r ≥ .
(ii) When p = , α ≤ pr.
(iii) When p > , r ≥  , α < (r+)p– .
Let u, v be two solutions of equation (.) with the initial values u(x), v(x), respectively,
such that (.) is true. Then the stability (.) is true.
Since the solution u lacks the regularity when α ≥ p – , we cannot deﬁne the trace of u
on the boundary. How to construct a suitable test function to get the stability (.) is a full
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challenge. By Theorem ., the remaining important problem is that if p > ,α ≥ p– , the
same conclusion is true or not. Theorems . and . partially solve the problem. Certainly,
the conditions of (.)-(.) in Theorem ., and the conditions (i)-(iii) in Theorem .,
may be not the best.
2 The case of α < p – 1
Lemma . If α < p – , let u be the solution of equation (.) with the initial value (.),
then u ∈ Hγ () for some γ >  the trace of u on the boundary ∂ can be deﬁned in the
traditional way.
If bi ≡ , the lemma had been proved in Theorem . in []. For the general case, the
lemma had been proved in [] recently. By the lemma, the initial-boundary value problem
(.)-(.)-(.) is reasonable.
Proof of Theorem . Let u and v be two weak solutions with the diﬀerent initial
values u(x, ), v(x, ), respectively. From the deﬁnition of the weak solution, we have

















) · ϕxi dxdt. (.)
For any given positive integer n, let gn(s) be an odd function, and when s > ,
gn(s) =
{
, s > n ,
nse–ns , s≤ n .
(.)
By the usual boundary condition (.),
u(x, t) = v(x, t) = , (x, t) ∈ ∂ × (,T).






























(|∇u|p–∇u – |∇v|p–∇v) · ∇(u – v)g ′n dxdt ≥ ,










g ′n(u – v)(u – v)xi dxdt = . (.)
Here, (.) is established by
∣∣g ′n(s)
∣∣ ≤ cs , |s| ≤

n ,






































































– αp– dxdt ≤ c. (.)












p– dxdt = . (.)










∣∣∇(u – v)∣∣p dxdt = . (.)
Therefore, in both cases, (.) goes to  as n→ ∞.
Now, let n→ ∞ in (.). Then
d








|u – v|dx, ∀t ∈ [,T).
Theorem . is proved. 
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Remark . If bi(s) is a C(R), the conclusion of Theorem . had been proved by the
author and Yuan in [] recently, the method used here is very similar as that in []. Since
[] is written in Chinese, we give the details here.
3 The stability of the case α ≥ p – 1
When α ≥ p – , let u be a weak solution of equation (.) with the initial value (.).
Generally, we cannot deﬁne the trace of u on the boundary, how to prove the uniqueness
of the solutions seems very diﬃcult. Theorem . solves the problem when p ≥ , in the
following, we give its proof.




























for any ϕ ∈ C∞ (QT ). For any ﬁxed τ , s ∈ [,T], we may choose χ[τ ,s](uε – vε)ξλ as a test
function in the above equality, where χ[τ ,s] is the characteristic function on [τ , s], uε and
vε are the molliﬁed functions of the solutions u and v, respectively. Thus, letting Qτ s =

























For any give λ > , denotingQTλ =λ × (,T), we know that∇u ∈ Lp(QTλ),∇v ∈ Lp(QTλ).
Thus according to the deﬁnition of the molliﬁed functions uε and vε , we have
uε ∈ L∞(QT ), vε ∈ L∞(QT ), (.)
‖∇uε‖p,λ ≤ ‖∇u‖p,λ , ‖∇vε‖p,λ ≤ ‖∇v‖p,λ . (.)
By the Young inequality,
∣∣(|∇u|p–∇u – |∇v|p–∇v)∇(uε – vε)
∣∣






≤ c(|∇u|p + |∇v|p) + c(|∇uε|p + |∇vε|p
)
.
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Since on λ, ρα ≥ λα , we have
∣∣ρα
(|∇u|p–∇u – |∇v|p–∇v)∇[(uε – vε)
∣∣
≤ c(λ)(|∇u|p + |∇v|p) + c(|∇uε|p + |∇vε|p
)
≤ c(λ)(|∇u|p + |∇v|p),

























(|∇u|p–∇u – |∇v|p–∇v)(u – v)∇ξλ dxdt. (.)




(|∇u|p–∇u – |∇v|p–∇v)∇(u – v)dxdt ≥ . (.)


























































Here, we have used the fact that |∇dλ| =  is true almost everywhere. Now, since p≥  and

















p –)|u – v|p dxdt
) 
p











































|∇uε| ∈ L(λ). Then by the deﬁnition of the molliﬁed function uε , one has
|∇uε| ≤ |∇u|.


































(u – v)xiξλ dxdt. (.)




– –δp dx≤ c,



















































































































































where q < . Let κ(s) =
∫

[u(x, s) – v(x, s)] dx. Then
κ(s) – κ(τ )





s – τ .
By the L’Hospital rule, we have
















Thus, by the arbitrary of τ , we have
∫





|u – v| dx. (.)
The proof is complete. 
4 Proof of Theorems 1.5 and 1.6
Instead of the condition p ≥ , if we only assume that p > , then we also can obtain the
uniqueness of the solutions in some cases.
Proof of Theorems . and . Denote λ = {x ∈  : dist(x, ∂) > λ} as before, let ξλ ∈
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for any ϕ ∈ C∞ (QT ). For any ﬁxed τ , s ∈ [,T], we may choose χ[τ ,s](uε – vε)ξλ as a test
function in the above equality, where χ[τ ,s] is the characteristic function on [τ , s], uε and
vε are the molliﬁed functions of the solutions u and v, respectively. Thus, letting Qτ s =

























For any give λ > , denotingQTλ =λ × (,T), we know that∇u ∈ Lp(QTλ),∇v ∈ Lp(QTλ).
Thus according to the deﬁnition of the molliﬁed functions uε and vε , similarly, we have




(|∇u|p–∇u – |∇v|p–∇v)∇(u – v)dxdt ≥ . (.)































































→ , as λ → . (.)
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(u – v)xiξλ dxdt. (.)














dx = . (.)






















































(I) If p > ,
∣∣bi(u) – bi(v)











































|u – v| dxdt. (.)
Here, the last inequality is based on the assumption α ≤ p(r – ) + , which implies that
– αp –  +
p( + r)
p –  – ≥ .


















(ii) If p = , |b′i(ζ )| ≤ |ζ |r , r ≥ αp ,
∣∣bi(u) – bi(v)

































































then, based on the assumption α < (s+)p– , which implies that
(sp – α)

















and we have (.) too.




















where q < . Let κ(s) =
∫

[u(x, s) – v(x, s)] dx. As the proof of Theorem ., we have the
conclusions.
At the end of the paper, we should point out that the conditions (.)-(.) and (i)-(iii)




∂xi . In other words, if bi ≡ , then all
these conditions are not necessary, the same conclusions had been obtained in []. 
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